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Definitions & Notation: Homogeneous measures

Let (X,d, 1) be a complete, separable metric measure space such that
0 < p(B(x,r)) < 0o

forallz € X andr > 0. Let A C X.
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Definitions & Notation: Homogeneous measures

Let (X,d, 1) be a complete, separable metric measure space such that
0 < p(B(x,r)) < 0o

forallz € X andr > 0. Let A C X.

Definition

We say that p is g-homogeneous on A if there is some constant M > 0 such that

siaenn =" (5)

for all 0 < p < r < diam(A), all z € A, and all £ € B(x,r). The measure theoretic
Assouad dimension of A is

dimag(A) := inf {¢g > 0| p is g¢-homogeneous on A} .



Definitions & Notation: The distance zeta function

Definition

Suppose that dimas(X) = @ and that A is a bounded subset of X. For § > 0, define

As:={z € X |d(z,A) <6}.
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Definitions & Notation: The distance zeta function

Definition

Suppose that dimas(X) = @ and that A is a bounded subset of X. For § > 0, define

As:={z € X |d(z,A) <6}.

The distance zeta function associated to A is given by

Cals) = Cang(s) = / d(z, 4)~2 dp(z)

As

Under relatively mild hypotheses on A, the integral above will diverge at—but be absolutely
convergent to the right of—the upper Minkowski dimension of A.

Definition

Suppose that (4(s) can be meromorphically extended to a (strictly) larger domain. Then
the complex dimensions of A, denoted H(A), are the poles of this extension. That is

P(A) :={w e C|wis apole of 4(s)}.
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Definitions & Notation: p-adic spaces

Let p be a fixed prime number.

Let 7 € Q. The p-adic absolute value of r is given by

|7'|p = p—n7

where n is the unique integer such that there are a,b € Z relatively prime to p with r = p" 7.

The p-adic numbers, denoted Qy,, are the metric completion of Q with respect to the metric

induced by the p-adic abolute value. The p-adic integers, denoted Z,, are elements of the
“dressed” unit ball in Q,, i.e.

Z, = B<(0,1) = {& € Q| |a], < 1}

Q, is equipped with the Haar measure p such that u(Z,) = 1.
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Definitions & Notation: p-adic spaces

Let @ € N and a € [1,00).

On the product space Qg , define the equivalent metrics

1/

Q
d*(z,y) == <le —yilﬁ) :
i=1

and
d>®(z,y) := max{|3:i — il ‘ 1<i< Q}.
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Definitions & Notation: p-adic spaces

Let @ € N and a € [1,00).

On the product space Qg , define the equivalent metrics

1/«

Q
d*(z,y) == <le —yilﬁ) :
i=1

and
d>®(z,y) := max{|3:i — il ‘ 1<i< Q}.

Lemma

For any Q € N and any a € [1,00], the product space (Qg, d*, u) satisfies

dimas(QF) = Q,

where p is the natural product measure.



Definitions & Notation: Iterated function systems on @[())

A self-similar iterated function system (SSIFS) on QI(;? is a finite collection of maps
{®j}je 7, each of which is of the form

;(x) = pMia + by,

where k; € N and b; € Qg.
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Definitions & Notation: Iterated function systems on @[())

Definition
A self-similar iterated function system (SSIFS) on QI(;? is a finite collection of maps
{®j}je 7, each of which is of the form

v;(z) = p* iz + b,

where k; € N and b; € Qg. We call p~*i the contraction ratio of ;. We associate to an
SSIF'S the map of sets

o(E) = | »i(B).
i€t
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Definitions & Notation: Iterated function systems on @j(})

Definition
A self-similar iterated function system (SSIFS) on Qg is a finite collection of maps
{®j}je 7, each of which is of the form

;(x) = pMia + by,

where k; € N and b; € Qg. We call p~*i the contraction ratio of ;. We associate to an
SSIF'S the map of sets
o(B) = | wi(B).
jes

Theorem
Let ® be as above. Then there is a unique, nonempty, compact set of C Q]? such that

() = o .

We call o7 the attractor of the SSIFS.
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Definitions & Notation: Iterated function systems on @[())

Let {©;}je # be an SSIFS.

Notation

Let #* denote the set of all finite sequences (or “words”) with entries in _#. For each

J= (jlaj27---;jn) S /7

define
PJ = P ©Pjn_1 © " O0P1.
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Definitions & Notation: Iterated function systems on @j(;)

Let {©;}je # be an SSIFS.

Notation

Let #* denote the set of all finite sequences (or “words”) with entries in _#. For each

J = (j17j27""j7’b) S /7
define
PJ = P ©Pjn_1 © " O0P1.

Let w= () € #* denote the “empty word.” We adopt the convention that ¢, is the identity
map, i.e.
vu(z) = .
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Results & Examples: Self-similar sets

Theorem

Fiz o € [1,00] and let o/ be the attractor of the SSIFS {¢;}ie y on QY.
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Results & Examples: Self-similar sets

Theorem

Fiz o € [1,00] and let o/ be the attractor of the SSIFS {¢;}ie 4 on QY. Further suppose
that b; € Z,, for each j, and that v;(Zy) N ;i (Zy) =0 for all j # j'. Then

where

Cor () = / d*(z, )"~ dp(z),
Z3\®(23)

and C,, counts the number of maps of the form ¢; for some J € _#* with contraction
ratio p~".



Results & Examples: 3-adic Cantor dust
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Example

Let {@;}}—, be the SSIFS on Q3 that maps
Z3 into the four rectangles shown to the left.
Let €2 denote the attractor of this SSIFS.



Results & Examples: 3-adic Cantor dust

33+ 2

373+ 1

373

P3 P4
$1 P2
3Zs 33+ 1 3Zs3+2

Example

Let {@;}}—, be the SSIFS on Q3 that maps
Z3 into the four rectangles shown to the left.
Let €2 denote the attractor of this SSIFS.

We may also regard €? as the Cartesian prod-
uct of two copies of a 3-adic Cantor set. In
either case, €2 is an analog of the ternary
Cantor dust in R2.



Results & Examples: 3-adic Cantor dust

Example (con’t)

With respect to d*°,

Coro,(5) = / 0 (2, 6%) 2 dp() = p (23 \ B(Z2)) = °.
72\2(z2) 9
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Results & Examples: 3-adic Cantor dust

Example (con’t)

With respect to d*°,

(o] S— 5
G = [ (o) = u(Z\ @) = .
Z3\2(Z3)
Next, observe that

Chi=#{Je€ #*|ps(x)=3"x+bs} =4".
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Example (con’t)

With respect to d*°,

Gorano) = [ (@ 6?) due) = u (23 2@) = 5
Z3\2(Z3)
Next, observe that
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Results & Examples: 3-adic Cantor dust

Example (con’t)

With respect to d*°,

Gorano) = [ (@ 6?) due) = u (23 2@) = 5
Z3\2(Z3)
Next, observe that

Chi=#{Je€ #*|ps(x)=3"x+bs} =4".

Hence
Cor(5) = Gona, (s Zc 3—“:92(35) et

Therefore

log(4) . 27Z
log(3) | '10g(3)’

P(€?) =
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Results & Examples: Fibonacci attractors

Fiz a prime p and define maps on Q, by

e1(z) =pr, and  @y(z)=p’z+1.

Let & denote the attractor of the SSIFS {¢1, 2}
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Nezxt, note that Co =1, C1 =1, and C,, = C,,_1 + Cp_o.
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Example

Fiz a prime p and define maps on Q, by
pi1(z) =pz, and  @a(z) =p’z+1.

Let & denote the attractor of the SSIFS {©1,2}. Then

p—2 p—1 ,_
(z0.(8)=—+—p'""
p p

Nezxt, note that Co =1, C1 =1, and Cp, = C,,_1 + C,_o. Thus

1++/5

Cp= 5

(¢"+1 + ¢n+1) , where O, =

Sl

Hence

0 B \/5p2s
Cop™™ = —22
,; P " — ) — )



Results & Examples: Fibonacci attractors

Example (con’t)

And so

_(p—=2 p—-1 V/bp?
Cﬁ(s%( p 2?7 )(ps—qﬁ)(pz—w)'
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Results & Examples: Fibonacci attractors

Example (con’t)

And so

_(p—=2 p—-1 V/bp?
Cﬁ(s%( p 2?7 )(ps—qﬁ)(pz—w)'

Therefore

log(¢) . 2nZ _log(¢) ],1(27T+1)Z
Tog(p) ﬂlog@)) U< log(p)  log() >
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Results & Examples: Fibonacci attractors

Example (con’t)

And 0 5
o (s) = (p ; 4 pp_2 1p1_5) (p° —\Sfpz — )
Therefore
01 (88 128 ) o (- ),
o 4 .
° 4w
-
0 |
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Results & Examples: A McMullen carpet analog

; DDD ;;; }923+8 = —
o
L DDD L }923+2 Let o/ denote the attractor of the IFS shown
\J\JD DDD DDD }923+7 to the left.
sl [T o
mnn EnE )
; R ;;; }oz +6
32 | ] ] | [ Joz, +3
L ez o




Results & Examples: A McMullen carpet analog

NN }oz,+3 .
oo R
L DDD L }923+2 Let o/ denote the attractor of the IFS shown
BRI RN Yoz +7 to the left. With respect to d*°,
e [T o sous) o2
O e 2= (G0 i)
O ogl) - 22
3Z; z %%% ZZZ {923% U (102(3) -1 +ﬁm> .
L] Ll L | Yezs+0
327 3% + 1 3% +2
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